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Abstract 

I In this article, we give new proofs on the some cases on Arnold 

CN ' chord conjecture and Weinstein conjecture in M x C which includes 

^ ■ the previous works as special cases. 
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^ ! 1.1 Arnold chord conjecture 



1 Introduction and results 



Let S be a smooth closed oriented manifold of dimension 2n — 1. A contact 
form on E is a 1— form such that XA{dX)^~^ is a volume form on S. Associated 
to A there is the so-called Reed vectorfield Xx defined by ixX = 1, ixdX = 0. 
The dynamics of the Reeb vectorfield is very interesting. There is a well- 
known conjecture raised by Arnold in [2] which concerned the Reeb orbit and 
Legendrian submanifold in a contact manifold. If (S, A) is a contact manifold 
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with contact form A of dimension 2n — 1, then a Legendrian submanifold is 
a submanifold £ of S, which is (n — 1) dimensional and everywhere tangent 
to the contact structure kerA. Then a characteristic chord for {X,JC) is a 
smooth path x : [0,T] ^ M,T > with x{t) = Xx{x{t)) for t e (0,T), 
x{0),x(T) G C Arnold raised the following conjectures: 

Conjecturel(see[2]). Let Aq be the standard tight contact form 



If / : S"^ — > (0, oo) is a smooth function and £ is a Legendrian knot in S^, 
then there is a characteristic chord for (/Ao,>C). 

In fact Arnold also conjectured more general cases and multiplicity re- 
sults just like the Lusternik-Schirelman or Morse type number [2]. 

Arnold's conjectures was discussed in [2, 1, 9]. Its solutions on the sym- 
metric contact form on and the standard Legendre fibre was given in [9] 
which also includes multiplicity results. The complete solution on Conjec- 
turel was claimed in 1999 in [16] by using the Gromov's nonlinear Predholm 
alternative. Immediately, the alternate proof was given in [19]. 

Let (M, uj) be a symplectic manifold. Let J be the almost complex struc- 
ture tamed by u), i.e., lu{v, Jv) > for v e TM. Let J the space of all tame 
almost complex structures. 

Definition 1.1 Let 



{xidyi - yidxi + X2dy2 - y2dx2) 



on the three sphere 



S"" = {(xi, yi, X2, y2) e + yl + xl + yl^ 1}. 




inf{ / fu > 0\f : S"^ ^ M is J - holomorphic} 




Definition 1.2 Let 



s{M,u) = sup l{M,u, J) 



Let W he a, Lagrangian submanifold in M, i.e., a;|W = 0. 



Definition 1.3 Let 



1{M, W, u;) = inf{| / fu;] > 0\f : {D\ dD^) ^ (M, W)} 
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The main result of this paper is the following: 

Theorem 1.1 Let (M, cu) be a closed compact symplectic manifold or a man- 
ifold convex at infinity and M x C be a symplectic manifold with symplectic 
form uj (B o', here (C, a) standard symplectic plane. Let 27rrg < s{M,uj) and 
5ro(0) C C the closed ball with radius tq. // (S, A) be a contact manifold 
of induced type in M x i?ro(0) with induced contact form X, i.e., there ex- 
ists a vector field X transversal to E such that Lx{u) © cr) — u) ® a and 
\ = ixiijJ ® cr), Xx its Reeb vector field, C a closed Legendrian submanifold, 
then there exists at least one characteristic chord for (A,£). 

This Theorem generalizes the some results in [16, 19]. For example, if c<;|7r2(M) = 
0, then S{M,uj) — +oo. We will prove this Theorem by using Lagrangian 
squeezing theorem which was proved by Gromov's nonlinear Fredholm alter- 
native in [18] and the Mohnke's modification of our Lagrangian construction. 

1.2 Weinstein conjecture 

Theorem 1.2 Let {M, uo) be a closed compact symplectic manifold or a man- 
ifold convex at infinity and M x C be a symplectic manifold with symplectic 
form UJ ® cr, here (C, a) standard symplectic plane. Let 27rrQ < s{M,uj) and 
BrgiO) C C the closed ball with radius Tq. //" (E, A) be a contact manifold of 
induced type in M X Sro(O) with induced contact form X, Xx its Reeb vector 
field, then there exists at least one close characteristics. 

This improves the results in [8, 13, 16]. Again we will prove this Theorem 
by using Lagrangian squeezing theorem which was proved by Gromov's non- 
linear Fredholm alternative in [18] and the Mohnke's modification of our 
Lagrangian construction. 

2 Lagrangian Squeezing 

Theorem 2.1 ([18])Let (M, be a closed compact symplectic manifold or 
a manifold convex at infinity and M x C be a symplectic manifold with sym- 
plectic formula, here (C, cr) standard symplectic plane. Let27rrQ < s{M,uj) 
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and i?ro(0) C C the closed disk with radius tq. If W is a close Lagrangian 
manifold in M x (0), then 

l{M,W,uj) < 27rrl 

This can be considered as an Lagrangian version of Gromov's symplectic 
squeezing. 

Corollary 2.1 ( Gromov[ll])Let {V , u>') be an exact symplectic manifold with 

restricted contact boundary and lo' — da' . Let V x C be a symplectic man- 
ifold with symplectic form uj' (B cr = da = d{a' © a^, here (C, a) stan- 
dard symplectic plane. If W is a close exact Lagrangian submanifold, then 
l{y' X C, VF, cu) == oo, i.e., there does not exist any close exact Lagrangian 
submanifold inV'xC. 

Corollary 2.2 Let be a close Lagrangian in R"^^ and L{R^^,L'^,uj) — 
27rrQ > 0; then L" can not be embedded in i?ro(0) as a Lagrangian submani- 
fold. 

3 Proof Arnold chord conjecture 

3.1 Constructions of Lagrangian submanifolds 

Let (E, A) be a contact manifolds with contact form A and X its Reeb vector 
field, then X integrates to a Reeb flow rjt for t & R^. Consider the form (i(e"A) 
on the manifold (/? x S), then one can check that o?(e"A) is a symplectic form 
on i? X E. Moreover One can check that 

ix(e"A) = e'^ (3.1) 
ix{d{e''X)) = -de" (3.2) 

So, the symplectization of Reeb vector field X is the Hamilton vector field of 
with respect to the symplectic form d{e"'X). Therefore the Reeb flow lifts 
to the Hamilton flow kg on R x E(sec[3, 6]). 

Let £ be a closed Legendrc submanifold in (E,A), i.e., there exists a 
smooth embedding Q : C ^ T, such that Q*X\c = 0, X\Q{L) = 0. We also 
write jC = Q{C). Let 

{V',cu') = (i?x E,(i(e"A)) 
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and 

W = CxR, = £ X {s}- 

L' = (o,u,77.(Q(>c))), l; = (o,7y,(g(£))) (3.3) 

define 

G' -.W ^ V 

G'{w') = G\l,s) = {Q,r^,m))) (3.4) 

Lemma 3.1 There does not exist any Reeb chord connecting Legendre sub- 
manifold C in (E, A) if and only if G'{Wg) fl G'{Wg,) is empty for s ^ s' . 

Proof. Obvious. 

Lemma 3.2 If there does not exist any Reeb chord for {X\, C) in (S, A) then 
there exists a smooth embedding G' : W V with G'{l,s) — {0,r]s{Q{l))) 
such that 

G'k-. Cx {-K, K) V (3.5) 

is a regular open Lagrangian embedding for any finite positive K . We denote 
W\-K,K) = G'^{Cx{-K,K)) 

Proof. One check 

G'*(t/(e"A)) = r]{-, -ydX = {r]ld\ + ixdX Ads)^0 (3.6) 

This imphes that G' is a Lagrangian embedding, this proves Lemma3.2. 
In fact the above proof checks that 

G"*(A) = r]{-, -yX = r]*X + ixXds = ds. (3.7) 

i.e., W is an exact Lagrangian submanifold. 

The all above construction was contained in [16]. Now we intruduce the 
Mohnke's upshot. Let 

F': jCxRxR^RxE 

F'{1, s, a) = (a, G'{1, s)) = (a, ^^1))) (3-8) 

Now we embed a elliptic curve E long along s — axis and thin along a — axis 
such that E C [—K, K] x [0, e]. We parametrize the E by t. 



5 



Lemma 3.3 // there does not exist any Reeb chord for {Xx,C) in (E,A), 

then 

F:CxS^^RxE 

F{l,t) = iait),G'{l,sm = (a(0,r;,(,)(g(/))) (3.9) 
is a compact Lagrangian suhmanifold. Moreover 

1{R X E, F(£ X S^, de^X) = area{E) (3.10) 
Proof. We check that 

F*(d(e"A)) = d(F*(e«WA)) 
= d(e"W)G"*A) 
= (i(e"(*)ds(t)) 
= e^^^^atdt A stdt) 

= (3.11) 

which shows that F is a Lagrangian embedding. 

If the circle C homotopic to Ci C £ x sq then we compute 

j^F\e^\) = J^J*{e^X) = 0. (3.12) 

since A|Ci = due to Ci C £ and C is Lcgcndre submanifold. 
If the circle C homotopic to Ci C Iq x then we compute 

/ F*(e"A) = / F*(e"A) = n(area(F)). (3.13) 

This proves the Lemma. 



3.2 Proof on Theorem 1.1 

Since (S, A) be a contact manifold of induced type in M x Bj.„ (0) with induced 
contact form A, then by the well known theorem that the neighbourhood 
{U{T,),uj) of S is symplectomorphic to ([—£,£] x Jl,de"-X) for small e. So, by 
Lemma 3.3, we have a close Lagrangian submanifold F{jC x S^) contained in 
M X -Bro(O). By Lagrangian squeezing theorem, i.e.. Theorem 2.1, we have 

l(M X C, F{C X S\u;) = area(E) < 27rrg. (3.14) 

If K large enough, area{E) > Itit-q. This is a contradiction. This contradic- 
tion shows there exists at least one characteristic chord for (A, £). 
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4 Proof on Weinstein conjecture 

4.1 Constructions of Lagrangian submanifolds 

Let (S, A) be a contact manifolds with contact form A and X its Reeb vector 
field, then X integrates to a Reeb fiow 77* for t e R^. Let 

{V, uj') = {{R X E) X (i? X E), die^'X) Q d{e''X)) 

and 

£ = {((0,a),(0,a))|(0,(7)ei?xE}. 

Let 

= £ X = £ X {s}. 

Then define 

G' -.L' ^ V 

G'(0 =G'(((a,0),(a,0)),s) = ((0, a), (0, r7.(a))) (4.1) 

Then 

W' = G\L') = {((0, a), (0, %(a)))| (0, a) G x E, s G i?} 



= = {((0,a), (0,r;,(a)))|(0,a) G i? x E} 

for fixed s G R. 

Lemma 4.1 There does not exist any Reeb closed orbit in (E, A) if and only 
if Wg n Wg, is empty for s ^ s' . 

Proof. First if there exists a closed Reeb orbit in (E,A), i.e., there exists 
(Jo e E, > such that = Vto{(^o), then ((0,(Jo), (0,(7o)) e n W/^. 
Second if there exists Sq ^ Sq such that W^^ fl W[, ^ 0, i.e., there exists Uq 
such that 

((0,(7o),(0,r/,„(ao)) = ((0, ao), (0, r],. (do)), 
then r7(so_s^)((To) = uo, i.e., rjt{ao) is a closed Reeb orbit. 
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Lemma 4.2 // there does not exist any closed Reeb orbit in (E, A) then 
there exists a smooth Lagrangian injective immersion G' : W — >• V with 
G'(((0, a), (0, a)), s) = ((0, a), (0, r]s{(j))) such that 

G',^,s,:Cx{-suS2)^V' (4.2) 

is a regular exact Lagrangian embedding for any finite real number si, S2, 
here we denote by W'{si^ S2) — G'g^ g^{C x (si, s^))- 

Proof. One check 

G'*((e"A - e'^A)) = A - ?7(-, •)*A = A - (ry^A + ixXds) = -ds (4.3) 

since r]*X = A. This imphes that G' is an exact Lagrangian embedding, this 
proves Lemma 3.2. 

Now we modify the above construction as follows: 

F' : Cx Rx (RxE) X (RxJ:) 

F'(((0, a), (0, a)),s,b)^ ((0, a), (6, r/,(c7))) (4.4) 

Now we embed a elliptic curve E long along s — axis and thin along b — axis 
such that E C [— si, 82] x [0, e]. We parametrize the E by t. 

Lemma 4.3 // there does not exist any closed Reeb orbit in (E, A), then 

F : Cx ^ (Rxi:) X (RxE) 

F(((0, a), (0, a)),t) = ((0, a), (6(t), r73(t)(a))) (4.5) 
is a compact Lagrangian submanifold. Moreover 

1{V', F{£ X S\ die^'X - e^A)) = area{E) (4.6) 
Proof. We check that 

F*(e"Aee^A) = -e'^^'Usit) (4.7) 

So, F is a Lagrangian embedding. 

If the circle G homotopic to Ci C £ x sq then we compute 

j^F*{e^X)^ /^^F*(e"A) = 0. (4.8) 
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since A|Ci = due to Ci C £ and C is Legendre submanifold. 
If tlie circle C liomotopic to Ci C /q x then we compute 



/F*(e«A)=/ F*(e"A) =n(area(E)). (4.9) 



This proves the Lemma. 



4.2 Proof on Theorem 1.2 

Since (E, A) be a contact manifold of induced type in Mxi?r„(0) with induced 
contact form A, then by the well known theorem that the neighbourhood 
(t/(S),c<;) of S is symplectomorphic to ([—£,£] x S,(ie"A) for small e. So, by 
Lemma 4.3, we have a close Lagrangian submanifold F{C x S^) contained in 
M X C X M X Bj.q{0). By Lagrangian squeezing theorem, i.e.. Theorem 2.1, 
we have 

l((M xC)x{Mx C),F{C xS\uj®uj)^ area(E) < 27rrg. (4.10) 

If S2 — Si large enough, area{E) > 2nrl. This is a contradiction. This con- 
tradiction shows there exists at least one close characteristics. 
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